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$\Sigma$ closed oriented surface . $\Sigma$ “skein theory” ,
. $X(\Sigma)$ $\Sigma \text{ }$ graph (i.e., 1-complex) .
$X(\Sigma)$ graph , edge orientation ,
color $S$ . , vertex $k$
vector space . ( vector space
, vertex edge ) $kX(\Sigma)$ $X(\Sigma)$ span





$[\alpha]^{:}$ $-\neq$ $\alpha_{*}$ : $\mathcal{H}(\Sigma)arrow \mathcal{H}(\Sigma)$
$1\downarrow)$
$[G]-\neq[\alpha(\Sigma)]$
. self diffeomorphism $\alpha$ : $\Sigmaarrow\Sigma\simeq$ $\alpha$ mapping cylinder .
$P$ , surfaces cobordisms
3-Cob , $k$-vector spaces $k$-Vect .
.
$\Sigma_{0},$ $\Sigma_{1}$ closed orented surfaces , $M$ $\Sigma_{0}$ $\Sigma_{1}$ cobordism
. $\partial \mathrm{i}\mathcal{V}I=-\Sigma_{0}\cup\Sigma_{1}$ . $f:Marrow[0,1]$ Morse function , $\Sigma_{i}=f^{-1}(i)$
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$(i=0,1)$ . $f$ critical values
$(0<)t_{1}<t_{2}<:.\cdot\cdot<t_{m}(<1)$
critical points $p_{1},$ $p_{2},$ $\ldots,$ $p_{m}\in M$ . $u_{0},$ $\ldots,$ $u_{m}\in[0,1]$
$u_{0}=0’<t_{1}<u_{1}<t_{2}<\cdot\cdot\cdot\cdot<t_{m}<u_{m}=1$
.









(A) $\Sigma_{0}$ $\Sigma_{1}$ simple cobordism (i.e., critical point -
Morse function cobordism) $M$ , operator
$\rho(M)$ : $\mathcal{H}(\Sigma_{0})arrow \mathcal{H}(\Sigma_{1})$
. (index $0,1,2,3$ 4 .)
(B) (A) , Morse function cobordism , simple cobordism
operators operator .
(C) (B) operator Morse function








$\mathcal{H}$ ( $\Sigma_{0}$ $S^{2}$ ) $\cong \mathcal{H}(\Sigma_{0})\otimes \mathcal{H}(S2)$
. $\rho(M)([G])=[G]\otimes[A]([A]$ $\mathcal{H}(S^{2})$ “ ”
) . ( $A$ )
$\bullet$ index 1
$M=|$
$\rho(M)$ : $\mathcal{H}(\Sigma_{0})arrow \mathcal{H}(\Sigma_{1})$ , [ $G|\in \mathcal{H}(\Sigma_{0})$ graph $G$
. $G$ , $x_{1},$ $x_{2}$ . $\gamma$ $\Sigma_{1}$ circle
, . “ $\gamma$
, $p(M)([G])$ , $[G\cup B],$ $B$ { $\gamma$ regular nbd graph
$k$-linear cobordism, .
$p(M)$ well-defined , [$G\cup B1$ $G$






$[G]\in \mathcal{H}(\Sigma_{0})$ . $G$ ( )
. , $a_{1},$ $\ldots,$ $a_{n}\in s$ .
















. , $b\in S$ , $C_{b}$
. quantum $6j$-symbol( , , semi-simple $k$-linear abelian




$p(M)([G]\otimes[G’])=\rho(M)([G])\cdot D([G’])$ . $D$ :

















$\equiv$ 1 $(\mathrm{m}\mathrm{o}\mathrm{d} R)$
(empty)
.
$6j$-symbol skein theory , $\mathcal{H}(S^{2})\cong k$ .







































(empty diagram) $(\mu\in k)$
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$=\mu[G]\cdot D$ ([empty diagram]).
$\mu\cdot D$ ([empty $\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{m}]$ ) $=1$ .
, surface skein theory surface cobordism
3-Cob . ,




$k=\mathrm{C}$ . $E_{6}$ , $S=\{id, \alpha, \beta\}$ , $id,$ $\alpha,$ $\beta$ edge
, ’




(0) ( $id$ circle) $=$ :::.. . $=\wedge i:$: $=1$ , $=\mu$.... $\ldots\cdot\ldots$ ....’
(1) $..\cdot.\cdot=^{=}...\cdot.:::::.:;$
.




























$\tilde{\delta}_{ij}$ : Kronecker’s delta, $\omega’=\frac{-1\pm\sqrt{3}i}{2}$ ,
$\lambda_{11}^{11}=1+\frac{\epsilon}{\sqrt{3}}$ , $\lambda_{12}^{11}=\lambda_{2}^{11}1\wedge=\lambda_{11}^{12}=\lambda_{11}21=0$, $\lambda_{22}^{11}=\lambda_{1}^{22}=1\frac{\epsilon}{\sqrt{3}}$
$\lambda_{12}^{12}.=\lambda_{21}21=\omega^{-1}\frac{\epsilon}{\sqrt{3}}$ , $\lambda_{21}^{12}=\lambda_{12}^{2\mathrm{J}}=\omega\frac{\epsilon}{\sqrt{3}}$ ,
$\lambda_{22}^{12}=\lambda_{22}21=\lambda^{2}2=\lambda^{2}2=1221\frac{1+\sqrt{3}\epsilon}{\sqrt{6}}$, $\lambda_{22}^{22}=0$ .




$\emptyset \mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{x}0\Rightarrow S^{2}\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{x}\mathrm{l}\Rightarrow$ $S^{2}\mathrm{i}\mathrm{n}=^{\mathrm{d}\mathrm{e}3}\emptyset$
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$\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{x}3\Rightarrow(1+1+\mu^{2})\emptyset$ .
, $\rho(S^{2}\cross S^{1})=6-2\sqrt{3}\epsilon(\epsilon=\pm 1)$ . , $\nu$
.
3 $M$ $\hat{p}(M)=p(M)p(S2\cross s^{1})^{-}1$ ,
. , $\hat{p}(S^{2}\cross S1)=1$ .
$\bullet$
$S^{3}$
$S^{3}$ $\emptyset \mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{x}\Rightarrow 0S^{2}\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{x}\Rightarrow^{\mathrm{e}}3\emptyset$ , $\rho(S^{3})=1$ . ,
$\hat{p}(S^{3})=1\cross p(S^{2}\cross S^{1})^{-1}=\iota\ovalbox{\tt\small REJECT}^{-1}$ .
$\bullet L(2,1)$
$L(2,1)$






2 , 3 , $6j$-symbol (1), (8)
$\emptyset$ ,
$\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{x}2\Rightarrow$























. 3 index 2 critical point degree
1 vertex graph ,
. , 3




























. $(*_{4})$ 3 , $L(3,1)$











$(*_{4})$ 3 , $6j$-symbol (10)
$\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{X}2\Rightarrow$
. , , 3




2 , $6j$-symbol (13), (4), (6), (12)
$= \mu^{-\mathit{2}}(-\mu^{-1}\sum_{ji},\phi_{ij}2+i,j,\sum_{\ell k},\emptyset ij\lambda_{k\ell}^{ij}\emptyset k\ell \mathrm{I}$ $(*_{8})$
3 $6j$-symbol (12), (11)
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$(*_{9})$
, $(*_{4})$ 3 , $(*_{7}),$ $(*_{8}),$ $(*_{9})$
$\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{X}2\Rightarrow$ . . . $\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{X}3\Rightarrow\{_{+\lambda_{1}}^{(}\mu^{-1}2\mu+-1\wedge 11\sum_{j}+\mu^{-1}(-\mu_{12}^{-}\phi ij+\sum_{k}^{)}111^{+}\lambda_{2}12+1+11\lambda^{1}\lambda_{1}^{\mathit{2}1}i,+\lambda_{\mathit{2}2}222122+i,j,,p\lambda 2211\phi ij\lambda_{k\ell k\ell}^{ij}\phi)\}\emptyset$
$=(1\pm\epsilon i)\emptyset$ $(*_{10})$
.
$(*_{2}),$ $(*_{3}),$ $(*_{5}),$ $(*_{6}),$ $(*_{10})$ , $L(4,\dot{1})$
$p(L(4,1))=1+1+\mu(\mu-\mu^{-1}+1+-1i\epsilon)$
$=2+\mu(1+\epsilon i)=(\sqrt{3}-\epsilon)(\sqrt{3}\mp i)$ ,
$\hat{p}(L(4,1))=(2+\mu(1+\epsilon i))_{U^{-}}1$








$=1+ \mu[\mu^{arrow}(11+\omega)+.\mu-2(\phi_{11}+\omega-\mathit{2}\phi_{\mathit{2}}2)(-\mu-\sum_{i,j}.(\phi_{ij})2+\mu\sum_{ki,,j,,l}\lambda j\phi_{i}k\ell j\emptyset\ell k)i$
$+\mu^{-1}(1+\omega)-\mu.\cdot-1(\emptyset 11+\omega\phi_{2}2)$
$+ \mu^{-3}\sum\phi jk\{\phi_{m1}\xi_{k}^{j}1m(1+\emptyset 11+\mu\lambda^{11}\mu 11^{+}\lambda_{2}11)2+\phi m1\xi_{k}jm(2\phi_{21}+\mu\lambda 21)\mathit{2}\mathit{2}$
$j,k,m$
$+\omega\phi m2\xi_{k}j1(\phi \mathit{2}1+\mu\lambda 21)+\omega\phi m2\xi_{k2}jmm22(1+\phi 22+\mu\lambda_{11}^{22})\}$
$+\mu^{-3}$ $\sum$ $\phi_{jk}\omega^{m-n}\emptyset_{nm}\{(\phi_{n1}\phi 11+\omega^{-1}\phi n\mathit{2}\emptyset 21)$
$j,k,m,n$
$\cross(\xi_{k1}^{jm}(1+\phi_{11}+_{l\mathrm{H}}\iota\lambda+\mu\lambda_{22}11)+\xi \mathrm{X}_{2} (\phi_{21}+\mu\lambda_{22}^{2}1))$
$+\omega^{-1}(\emptyset_{n1\phi 12}+\omega^{-1}\phi n2\emptyset 22)$
$\cross(\xi_{k1}^{jm}(\phi 21+\mu\lambda_{2}^{\mathit{2}1})2+\xi_{k2}jm(1+\phi 22+\mu\lambda 22)11)\}$
$+ \mu^{-2}\sum\phi_{jk}\omega m-n\{\epsilon ik1(m\emptyset n1\lambda_{11}nm+\omega\phi n2\lambda_{1}n_{\mathit{2}}m)(1+\phi_{1}1+\mu\lambda^{11}11+\mu\lambda_{22}11)$
$j,k,m,n$
$+\xi_{k2}^{j12}m(\phi n1\lambda_{11}^{nm}+\omega\emptyset n2\lambda_{1}n_{2}m)(\phi_{12}+\mu\lambda_{11}+\mu\lambda^{12})2\mathit{2}$
$+\omega\xi_{k1}^{j}m(\phi n1\lambda^{n}m\omega \mathit{2}1+\phi n2\lambda_{\mathit{2}}n_{\mathit{2}}m)(\phi_{21}+\mu\lambda 21)11+\mu\lambda^{21}2\mathit{2}$
$+\omega\xi_{k\mathit{2}}^{jm}(\emptyset n1\lambda_{2}n_{1}m+\omega\phi_{n}2\lambda^{n_{\mathit{2}}m})2(1+\phi \mathit{2}2+\mu\lambda_{1}^{2\mathit{2}}\mu\lambda 22)1^{+}2\mathit{2}\}$
$+ \mu^{-2}\sum_{j}.(1+\omega+\phi_{j}j(1+\omega)+\mu(1+\omega)\sum_{m}\lambda_{mm}jj)$
$+( \phi_{1}\iota+\omega\phi 22)\sum\mu^{-}j,k1\emptyset jk(\mu-1\delta jk^{-\mu^{-}}.\emptyset 1.+j,k\sum\emptyset\ell m\lambda^{kj}pm)l,m$
$+ \mu^{-2}\sum(\lambda_{1j}^{j1}(1+\phi_{11}+\mu\lambda_{1}11+\iota\mu\lambda_{22}11)+\omega\lambda j2(1j\phi_{2}1+\mu\lambda 21)22)$
$j$
$+ \mu^{-\mathit{2}}\phi 11\sum_{j}\lambda_{1j}^{j}(1-\phi_{1}1+\mu\sum_{k}1.\ell\phi_{\ell k}\lambda 1k,p)1$
$+ \omega\mu^{-2}\phi_{1}1\sum_{j}\lambda_{1j}^{j}(-\phi_{2}1+\mu\sum_{k}2,)\ell\emptyset\ell k\lambda_{k}^{21}p$
$+ \sum_{j}\lambda_{1j}j1\lambda_{1}11\omega\phi_{12}1^{+\mu^{-}}\mathit{2}\sum_{j}\lambda_{\mathit{2}j}^{j}(11-\phi_{1}1+\mu\sum_{pk},\emptyset\ell k\lambda^{11}k\ell)$
$+ \omega^{2}\mu^{-\mathit{2}}\phi 12\sum\lambda j2(2j-\phi 21+j\mu\sum_{\ell k},\phi_{\ell k}\lambda 21)kp+\omega\lambda_{21}^{1}22\sum_{j}\lambda^{j}2j2$
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$+ \mu^{-2}\phi 21\sum_{j}\lambda_{1j}^{j}(1-\phi 2\iota+\mu\sum\emptyset k\ell\lambda^{21}k,\ell)k\ell$
$+ \omega\mu^{-2}\phi_{\mathit{2}1}\sum_{j}\lambda j2(1j-1\phi 22+\mu\sum k,\ell\emptyset kp\lambda_{k\ell}^{2\mathit{2}})$
$+ \sum_{j}(\lambda_{1j}^{j21}1\lambda+12\omega\lambda_{1j}^{j2}\lambda_{\mathit{2}2}^{21})+\mu\omega-2\sum(\lambda^{j}(\emptyset \mathit{2}1+j2j1\mu\lambda_{22}21)$
$+ \omega\lambda^{j2}(\mathit{2}j\phi 1+22+\mu\lambda^{22}11))+\mu^{-}\omega\phi 22\mathit{2}\sum_{j}\lambda_{2j}^{j}.(1-\phi 21+\mu\sum_{\ell k},\phi k\ell\lambda_{k\ell}^{21})$
$+ \mu^{-2}\omega^{2}\phi 2\mathit{2}\sum_{j}\lambda_{2j}^{j}\mathit{2}(1-\phi_{22}+\mu\sum_{k,\ell}\emptyset k\ell\lambda^{22}\ell k)+\omega\sum j\lambda_{2}j1j\lambda_{12]}22$ .
$\xi_{11}^{11}=\phi_{1}1\phi_{11}$ , $\xi_{21}^{\mathit{2}1}=\phi_{\mathit{2}1}\phi_{21}$ , $\xi_{21}^{11}=\phi_{11}\phi 21\omega^{-1}$ ,
$\xi_{11}^{21}=\phi \mathit{2}1\phi_{11}\omega$ , $\xi_{1\mathit{2}}^{11}=\phi_{11}\phi_{12}\omega$ , $\xi_{\mathit{2}2}^{21}=\phi_{\mathit{2}1}\phi_{\mathit{2}2}\omega$ ,
$\xi_{22}^{11}=\phi_{11\phi 22}$ , $\xi_{12}^{21}=\phi_{21}\phi_{12}\omega 2$ , $\xi_{11}^{1\mathit{2}}=\emptyset 1\mathit{2}\emptyset 11\omega-1$ ,
$\xi_{\mathit{2}1}^{2\mathit{2}}=\phi 22\phi_{\mathit{2}}1\omega-1$ , $\xi_{21}^{12}=\emptyset 12\emptyset 21\omega-2$ , $\xi_{11}^{2\mathit{2}}=\phi_{\mathit{2}}2\phi_{11}$ ,
$\xi_{12}^{12}=\phi_{12}\phi 12$ , $\xi_{2\mathit{2}}^{22}=\phi 22\phi_{\mathit{2}2}$ , $\xi_{2\mathit{2}}^{12}=\phi 1\mathit{2}\phi 22\omega^{-}1$ ,
$\xi_{12}^{2\mathit{2}}=\phi 22\phi_{12}\omega$
.
$\omega=\frac{-1+\sqrt{3}i}{2},$ $\epsilon=1$
$\hat{\rho}(L(5,1))=\frac{1}{4}+\frac{1}{4\sqrt{3}}$
.
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